
Abstract. An exclusively statistical approach is proposed to address the
spatial structure effects of general interaction models. It is shown that the
spatial heterogeneity in the estimated region-specific distance decay para-
meters may in part be due to the combination of two factors: (a) a functional
mis-specification of the global distance decay relationship; and (b) the
heterogeneity in the region-specific conditional distance distributions. A
properly specified global distance decay function allows controlling for these
spatially induced biases in the local distance decay parameters. However,
inherent multicollinearities between the set of region specific distance decay
parameters and other estimated model parameters prevent an unambiguous
interpretation. A key conclusion is that a proper model specification, in
particular, the specification of the global distance decay relationship, is of
paramount importance in interaction modeling and for accessibility studies.
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1 Introduction

The geographical literature on theoretical and applied aspects of spatial
interaction models has ample evidence of spatial structure effects with respect
to region specific distance decay parameters. For reviews, see Fotheringham
(1981) and Sheppard (1984). Estimated distance decay parameters can take
even, for some regions, a counterintuitive positive sign, that is, spatial
interaction is amplified with increasing distances between the origins and
destinations. This effect, however, is clearly the exception. Normally it can be
assumed that in fairly homogeneous regional systems, such as migration
flows on a national scale, the deterrence of distance should be relatively
stable across the regions. However, the underlying spatial structure of the
regional objects induces a systematic bias towards the region specific
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measures of distance decay. Consequently, it becomes problematic to
separate any legitimate behavioral and perceptual regional variations in
the deterrence of distance from these spatially induced structure effects.
Research on mental maps shows that the perception of spatially detached
objects is indirectly influenced, among other things, by the decision maker’s
characteristics and locale of tenure. The same perceptual modifications apply
to the assessment of the deterrence of distance in interaction modeling.
Findings and discussions of these spatial structure effects date back to the

late seventies (Cliff et al. 1974, 1975, 1976; Curry 1972, Curry et al. 1975;
Johnston 1973, 1975, 1976; as well as Sheppard et al. 1976) and peaked in the
early eighties with a series of articles by Fotheringham (1981, 1983, 1986) as
well as Fotheringham and Webber (1980). Fotheringham developed the
behavioral theory of competing destinations, which was in part motivated by
the regional distance decay heterogeneity (see Pellegrini and Fortheringham
2002, for a review). In the early nineties Lo (1990, 1991a, b) followed these
investigations with a series of simulation studies, which employed non-linear
estimation methods. In recent years, however, this problem of interaction
modeling has not received much attention despite the fact that no
satisfactory solution has been found.
Without proposing an ultimate solution to this problem, the present paper

aims at adding a fresh perspective to the past discussions. It shows that a mis-
specified functional form of the global distance decay relationship in
combination with the inherent heterogeneity in the region-specific condi-
tional distance distributions generate a systematic spatial pattern in the local
distance decay relationships. This spatial structure effect is independent of
any additional regional attribute information. In contrast, most discussions
of spatial structure effects assume that they rest on a synthesis of the regional
attribute information and the spatial arrangement (or configuration) of the
regional units. For instance, Lo (1991b, p. 1280) or Fotheringham (1981, p.
425) jointly define spatial structure as ‘‘the size and configuration of origins
and destinations’’ of the regional system under investigation.
This author argues, like Johnston (1976) or Boots and Kanaroglou (1988),

that parts of the spatial heterogeneity in the distance decay effects can be
explained in analytical terms exclusively by spatial structure effects. This
analytical perspective of separating spatial structure from attribute infor-
mation is not new and is commonly applied in spatial statistics. In this paper,
spatial structure is understood as the mutual distances among representative
points of the regions in the spatial system. These distances define a n� n
dissimilarity matrix among the n regions. Note, however, that interaction
modeling is in general not bound to the concept of distances in the metric
space. Depending on the application, any dissimilarity measure in relative
space, which describes some form of regional separation, may be deemed
suitable. The heterogeneity in the locational and topological distributions of
spatial objects, as well as truncating edge effects in closed spatial systems,
induce problems that are commonly encountered in analytical spatial data
analysis. For instance, Gaussian spatial processes exhibit variance hetero-
geneity (Haining 1990, pp. 83–89), which can be stabilized by the S-coding
scheme of the spatial link matrix (Tiefelsdorf et al. 1999). In the same sense,
the region specific conditional distance distributions show marked hetero-
geneity. The conditional distance distributions usually have small mean
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distances and are positively skewed for regions in the interior of the spatial
system, whereas the conditional distance distributions of regions at the edge
of the spatial system normally have large mean distances and are negatively
skewed. This is not a new observation (see for instance Sheppard 1984,
p. 379), however, it has only been rudimentarily addressed by incorporating
region specific measures of these conditional distributions into interaction
models. Johnston (1976), for instance, used the range of these conditional
distributions. The family of Box-Cox transformations has the potential to
stabilize the conditional distance distributions with respect to their skewness.
Furthermore, several functional forms of global distance decay functions can
be subsumed in terms of different Box-Cox transformations. This provides
the rationale for experimenting with a series of Box-Cox transformations.
The next section discusses the 1985 to 1990 United States interaction data,

the explanatory variables as well as a set of spatial structure variables. These
data serve as an example to illustrate the theoretical arguments proposed in
this paper. This section is followed by a review of the general Poisson
regression modeling approach, which adopts here an unconstrained interac-
tion model perspective. The origin and destination specific distance decay
parameters are specified in the deviation-coding scheme. Section four briefly
describes the migration pattern among the States from a modeling
perspective. Section five analyzes the region specific conditional distance
distributions and applies the Box-Cox transformation empirically to the
interstate distances. Furthermore, the map pattern of the resulting region
specific distance decay parameters is analyzed. Section six illustrates, in a
controlled setting, how the heterogeneity in the conditional distance
distributions and a mis-specification in the global distance decay function
act together to induce local distance decay parameters. It furthermore shows
how multicollinearity among the parameter estimates confounds the pattern.
Some concluding statements and an outlook will close this discussion.

2 Interaction data and spatial structure variables

2.1 Contextual variables

The methodological issues outlined in the introduction are demonstrated for
U.S interstate migration flows. This interaction matrix1 was compiled from
the 1990 Census of Population and Housing questionnaire (long form item
14b) by the United States Census Bureau (2000). Members of the randomly
sampled households were asked in 1990 what their county of residency was in
1985. This information reflects migration behavior over a five-year period
without incorporating intervening moves. Following Plane’s (1999) argu-
ment that a migration matrix can be decomposed into a [1] baseline
component, [2] a long-term spatial trend component and [3] a short-term
cyclic component, for the purpose of this analysis, the use of a 5-year or even
a 10-year accounting interval is desirable. This is because short-term moves
are associated with brief regional economic cycles and these short-term cycles

1 Note that this interaction matrix is reported by the Census Bureau as a destination by

origin table
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are filtered out by longer accounting intervals. Nevertheless, this five-year
interaction matrix still reflects long-term demographic transitions, trends of
historical, societal and economic shifts as well as a baseline structural
component. This baseline structural component is associated with the
general number of opportunities in the different regions, the mutual
attraction of their population bases, as well as repulsion forces induced by
the separation of the regions.
The States of Alaska and Hawaii are excluded from the analysis because of

their remote locations with respect to the remaining coterminous states.
These outlying states would have biased any spatial interstate distance
metric. The District of Columbia is included in the analysis as an
independent spatial entity, which gives a 49� 49 migration matrix. Almost
80% of all moves occur internally within the states. An inclusion of these
sheer numbers internal moves would have dominated the statistical estima-
tion procedure and would have distracted from the interstate migration
pattern. Consequently, internal migration flows are suppressed from this
analysis. To model the interaction potential of each state, their 1990
population counts are used. In contrast to observed inflow and outflow
totals, these population counts allow modeling of the structural baseline
component of migration patterns because they are independent from the
endogenous migration flow matrix.

2.2 Spatial variables

In order to calculate the interstate spherical distances and spherically
adjusted trend surface coordinates, state population gravity centers were
employed as reference points for the areal distribution of the state’s
populations. For several states, such as California, these population
gravity centers differed substantially from their geographic centroids or
the location of their principal city. Recent availability of highly disaggre-
gated spatial census information allows the calculation of these best
representative locales of the underlying population distributions with ease
in a GIS environment. On a continental scale, longitude coordinates
cannot be used directly in trend surface analysis due to their spherical
distortion. The distance between two parallels depends on a given latitude.
The longitude coordinates of the population gravity centers have therefore
been adjusted by the cosine of their latitude. In addition, the latitude and
the adjusted longitude were z-transformed to stabilize numerically their
higher order powers (Upton and Fingleton 1985, p. 324). The general
form of a kth-order trend surface for either an origin i or a destination j
is given by

fkðui; vijkf
k Þ ¼

X

rþs�k

krs � ur
i � vs

i : ð1Þ

For origin i the variables are ui ¼ zðlatiÞ and vi ¼ z ðlongi � longÞ � cosðlatiÞ
� �

– with long being the average longitude of the study region – and the
parameters are k

f
k ¼ krs; r þ s � kf g, which need to be calibrated. The total

number of unknown parameters to be estimated is ðk þ 1Þ � ðk þ 2Þ=2.
Because the trend surface variables are constant within either the origin or
destination, the higher order trend surfaces will become more and more
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collinear with region specific attributes. For the 48 states and DC, the
maximum order of the trend surface is kmax ¼ 8.
The competing destination model suggests that an accessibility measure

may capture some of the spatial structure because it measures the number of
opportunities in the vicinity of an origin or a destination. In migration
research, usually the regional population counts are used as proxy for the
number of opportunities; and vicinity is operationalized by a distance decay
function. It thus convolutes the spatial structure with contextual attribute
information on the spatial objects. For this analysis an inverse power
gravity-type accessibility measure (Kwan 1998)

ac
i �

Xn

j¼1;j6¼i

pj

dc
ij

ð2Þ

is used, where n denotes the number of regions in the analysis, and the
summation is performed over all regions except for the reference region i.
The parameter c > 0 controls the cluster size. The smaller the distance
exponent c becomes, the larger the spatial clusters get. If we assume a
constant population in all regions, the accessibility measure will become
closely related to other measures of centrality such as the median distance
from an origin to all remaining destinations. The accessibility measure
resembles in many respects a spatially lagged variable (Anselin 1995, p. 105),
which associates a reference location to aggregated/averaged information of
its neighboring values. See also O’Kelly and Horner in this volume for a
further discussion on this topic. The accessibility indexes as well as the
interstate spherical distances were calculated with an Add-In2 for Maptitude
(Caliper Inc 1999).

3 Poisson regression modeling of interaction flows

Several approaches have been suggested in the literature to model spatial
interaction, which is expressed in its most basic form as a gravity model with
the expected flows lij between origin i and destination j being modeled by

lij ¼
ek � pkp

O
i � p

kp
D

j

dkd

ij

ð3Þ

where the singly indexed variable pi characterizes the origin and the singly
indexed variable pj measures attributes of a potential destination, respec-
tively. These can be the number of opportunities in either the origins or the
destinations. The doubly index variable dij in the denominator is a measure
attribute information that jointly varies across all origin and destination
combinations. This can be the deterring influence of the separation between
the origin and destination. On the one hand, the larger the number of
opportunities at the origin or destination becomes, the larger the expected
interaction flow will be and, on the other hand, the larger the separation of
the regions gets, smaller flows are expected to be observed. The singly

2 This add-in, the migration dataset and all maps in a colored version are available at the

author’s website at http://geog-www.sbs.ohio-state.edu/faculty/tiefelsdorf/GeoStat.htm
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indexed variables pi and pj are associated with nodes of an interaction
network, whereas the doubly indexed variable dij qualifies an arc that
connects both nodes. These components of model (3) can be thought of as
placeholders for a whole array of origin characteristics, destination attributes
and cross-regional measures. The origin specific parameter kp

O and the
destination specific parameter kp

D as well as the overall baseline parameter k
and the cross-regional parameter kd are to be estimated in order to match the
expected flows lij as closely as possible to the observed flows mij. The
superscripts p and d of these parameters denote the particular variable to
which each of parameters is tied.
The observed flows mij are positive integers including zero, which are

assumed to follow a Poisson distribution with PrðmijjlijÞ ¼ lmij

ij � expð�lijÞ=
mij! and lij > 0. The key assumptions for the use of the Poisson distribution
as model for the interaction flows is that [1] the individual flows from origin i
to destination j are independent from each other and that [2] interaction
flows between any pairs of regions are independent from flows between any
other pairs of regions. A violation of these assumptions leads either to
overdispersion (Flowerdew 1991: 108) or network autocorrelation (Berglund
and Karlström 1999; Black 1992; Bolduc et al. 1995; Boots and Kanaroglou
1988) and the violation of the independence of irrelevant alternative
assumption (Boots and Kanaroglou 1988). These topics are not discussed
further in this paper and it is assumed here that the Poisson assumptions are
satisfied.
Current practice is to model interaction flows by the multinomial logistic

model, which has a close affinity to the random choice theory (Ben-Akiva
and Lerman 1985) where an individual decision maker aims at maximizing
her or his utility by selecting an appropriate destination alternative. It can be
shown that the multinomial logistic model and Poisson regression are
equivalent (Bishop et al. 1980, pp. 446–448) and lead to identical estimates.
The Poisson model forges the expected flows lij by a linear combination of
independent variables in an exponential function, that is,

lij ¼ exp kþ kp
O � lnðpiÞ þ kp

D � lnðpjÞ þ kd � lnðdijÞ
� �

ð4Þ

for the basic gravity model where by assumption kd < 0. Whether the
independent variables pi, pj, and dij are expressed in logarithmic form or any
other transformation depends on the theoretical considerations that an
individual investigator adopts and the model fit. In this analysis, logarith-
mically transformed variables lnðpiÞ and lnðpjÞ were preferred over the
untransformed variables pi and pj because the logarithmic form lead to a
substantial improvement in the model fit. The functional form of the distance
dij is subject to further investigations in the paper. Flowerdew (1991) as well
as Tiefelsdorf and Boots (1995) argue in favor of using the Poisson regression
to model interaction flows because it is readily implemented in several
statistical software packages. For instance, SPSS’s GENLOG (1995) and
LOGLINEAR procedures allow estimation of unconstrained and con-
strained interaction models with several singly and doubly indexed explan-
atory variables as well as structural zeros.
Estimation of the parameter vector k and the predicted flows m̂mij in Poisson

regression is done by maximum likelihood. In this paper the model
performance is reported in terms of the likelihood ratio
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LR ¼ 2 �
XI

i¼1

XJ

j¼1 mij � ln mij=m̂mij
� �

; ð5Þ

which compares the likelihood of the specified model to the likelihood of a
saturated model, which fits the observed interaction flows perfectly. The
indices I and J denote the total number of origins and destinations. A smaller
likelihood ratio LR indicates a better model fit. The relationship between the
estimated parameters and the expected flows in Eq. (4) is no longer linear.
Nevertheless, a positive parameter estimate still indicates that an increase of
its associated variable will increase the expected flow and that, vice versa, a
negative parameter estimate will decrease the expected flow. The statistical
significance of the parameters can be expressed by z-values, that is,

zðk̂kkÞ ¼ k̂kk= dsðkkÞsðkkÞ. The estimated standard deviation dsðkkÞsðkkÞ is extracted from
the variance-covariance matrix of the estimated parameters, which is also
used to express the correlation among the estimated parameters. These
z-values are approximately normally distributed. Also the residuals mij � m̂mij
can be estimated in Poisson regression. It is preferable to argue, however, in
terms of so-called adjusted residuals, which take the internal variances of the
expected flows into account. The adjusted residuals follow approximately a
normal distribution for a correctly specified Poisson regression model.
The specification of categorical variables and their statistical interactions

with metric variables can be done in several ways. Commonly known in
interaction modeling is the dummy-coding scheme. Nonetheless, it is
preferred here to work with the alternative deviation-coding scheme as it
leads to an advantageous interpretation of the estimated parameters. It links
the local parameter estimates to a global parameter estimate, which measures
an overall effect. The associated local parameters measure the variation of
the single categories around this overall effect. See Tiefelsdorf and Boots
(1995) for the dummy-coding scheme and the deviation-coding scheme of
categorical variables. The statistical interaction terms between these
categorical origin and destination indices and the distances are calculated
by multiplying the distances with the associated categorical variables. For a
3� 3 interaction matrix they take the form

kd kd
O1

kd
O2

kd
D1

kd
D2

d�11 d�11 0 d�11 0

d�12 d�12 0 0 d�12
d�13 d�13 0 �d�13 �d�13
d�21 0 d�21 d�21 0

d�22 0 d�22 0 d�22
d�23 0 d�23 �d�23 �d�23
d�31 �d�31 �d�31 d�31 0

d�32 �d�32 �d�32 0 d�32
d�33 �d�33 �d�33 �d�33 �d�33

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA

ð6Þ

where the asterisk in d�ij denotes any global transformation of the distances.
The parameter kd denotes the global distance decay parameter in the spatial
system. The parameters kd

O1
as well as kd

O2
are the origin specific distance

decay parameters for origins 1 and 2. Analog kd
D1

and kd
D2

are the destination
specific distance decay parameters for the destinations 1 and 2. As usual, one
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category of the origin and destination specific distance decay variables must
be excluded because it would lead to perfect collinearity with the global
distance variable. In Eq. (6) the third origin and destination categories are
suppressed. The missing parameters for origin 3 and destination 3 are
calculated based on the deviation constraint. It ensures that complete sets of
origin specific parameters as well as destination specific parameters sum to
zero. Thus the missing parameters can be expressed by kd

O3
¼ �

P2
i¼1 kd

Oi
and

kd
D3
¼ �

P2
j¼1 kd

Dj
. The origin and destination specific distance decay para-

meters measure the local distance decay variations around the global
reference distance decay level.

4 The global structure of the interstate migration flows

This section investigates several augmented interaction models of the basic
form

lnðlijÞ ¼ kþ kp
O � lnðpiÞ þ kp

D � lnðpjÞ þ kd � d�ij þ � � �ð Þ: ð7Þ
The term � � �ð Þ denotes sets of global variables, that is, their associated
parameters apply simultaneously to all origin and destination combinations.
In contrast, local variables would focus solely on either a single origin or a
single destination. The distance was transformed by the Box-Cox transfor-
mation with the parameter q ¼ �0:2. The choice of q ¼ �0:2 will be justified
in the next section. The aim of this global analysis is twofold: first, the
observed interstate migration flows are described by these variables and
second, the impact of these variables on the estimated distance parameter kd ,
as well as populations parameters kp

O and kp
D, is investigated in particular

from the perspective of induced multicollinearities.
The first set of global variables describes the general functional form of

distance decay relationship by a set of distance band dummy variables. The
second set is comprised of push and pull trend surface components. These
simple global interpolators allow description of the general spatial patterns
that govern the interaction flows. To the knowledge of this author, the use of
push and pull trend surfaces in interaction modeling is new. The last set are
origin and destination accessibility measures. When possible, measures
related to both the origin and the destination were included in the model.

4.1 Investigation of the distance decay relationship

Perhaps a first step of any interaction analysis should be an investigation of
the functional form and inconsistencies of the global distance decay
relationship, which is expected to be monotonically decreasing function
with distance. This is done here for the basic interaction model that includes
a set of dummy variables in the centered coding scheme instead of the overall
distance decay variable. These distance dummy variables are associated with
17 mutually exclusive but exhaustive 250 km distance bands covering the
total range from 0 to 4250 km. Figure 1 shows that as expected, the
interaction is higher for distance bands associated with short range moves
and that it decreases curvilinearly for higher range moves. Surprisingly,
however, the distance decay trend is not monotonically decreasing. We
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observe minor, but significant, inversions at around 1625, 2625 and 3625 km.
These inversions are difficult to explain and a detailed analysis is left to
further studies. Nevertheless, mapping the adjusted model residuals of the
base model against the distance bands reveals that the inversion for the
distance band of 1500 to 1750 km can be attributed to some degree to the far
above expected number of inflows to Florida from New York, New Jersey,
Michigan and Connecticut. In addition, the reverse migration from Florida
to these states is also above expectation; but it did not reach the extreme
inflow level. Table 1 shows that the use of these distance band dummy
variables instead of one distance decay function decreases the model fit
slightly and that the z-values of the parameters for the origin and destination
populations are virtually unaffected. Despite these inversions, an overall
smooth distance decay relationship can be assumed. This assumption is
justified because the likelihood ratio of the base model is smaller and this
model is also parsimonious, because it includes only the overall distance
measure. The decreasing rate of decline in the distance decay parameters
suggests a logarithmic functional form of the distances.

4.2 Push and pull trend surfaces

To describe the overall trend in the interstate migration pattern from 1985 to
1990, an origin trend surface – that is, the push component – and a
destination trend surface – that is, the pull component – were modeled. Both
trend surfaces function as proxies for unobserved variables that vary
smoothly over space. Under this perspective, one can interpret these trend
surfaces from a substantial point of view as push and pull components.
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Fig. 1. Distance decay relationship for 250 km distance bands in a basic interaction model for

the conterminous U.S. states
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Subsequent mapping of the predicted trend surfaces f D
k ðuj; vjjk̂k

fD

k Þ and

f O
k ðui; vijk̂k

fO

k Þ with increasing order, found that the parabolic second order
trend surface for both components lead to the most interpretable model. As
expected, higher order trend surface show more detailed patterns, but they
were also severely affected by edge effects.
Figure 2 shows spatial variation in the pull-push difference between both

trend surfaces, that is, f D
2 ðuj; vjjk̂k

fD

2 Þ � f O
2 ðui; vijk̂k

fO

2 Þ. Negative values indicate
that the push component is dominant and that these regions are primarily

Fig. 2. Pull-push difference between the origin push and the destination pull second order trend

surfaces

Table 1. Variations of the parameter z-values and the overall model fit of the base model after

augmentations by distance band dummy variables, trend surface components, accessibility

measures and region specific distance decay parameters

Model kp
o
(z-value)

kp
D
(z-value)

kd

(z-value)

LR df

Base model 3361 3297 )2698 12,755,372 2348

+ distance band dummies 3261 3198 – 12,808,309 2333

+ 2nd order trend surface 2995 2601 )3591 6,453,396 2338

+ ln(accessibility) with

c ¼ 0:25

2887 2609 )3667 8,389,735 2346

+ ln(accessibility) with

c ¼ 1:00

3420 3206 )3672 7,431,828 2346

+ region specific distance

decay

)154 )186 )3002 4,090,512 2252

+ ln(accessibility) with

c ¼ 1:00 + region specific

distance decay

)182 )199 )3172 3,429,224 2250
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sending migrants to other regions, whereas positive values denote regions
with prominent pull components that are receiving migrants. This difference
can be conceived as a spatially smoothed version of the state’s migration
balances. However, trend surface components are already controlled for the
remaining factors in the interaction model. Figure 2 clearly shows that
the northern states are losing population due to out-migration whereas the
southern states, with Florida at the focal point, and western states are
gaining population. This smooth pattern cannot capture variations of
individual states such as Colorado, which also experienced a substantial
inflow of migrants. Furthermore, New England states are displayed here with
a substantial negative migration balance, primarily due to edge effects. This
map pattern is further evidence of what is known in the literature (Plane
1999, p. 326) as the broadscale migration pattern from the Snowbelt towards
the Sunbelt during the 1970s and 1980s. Table 1 indicates that the z-values of
the origin and destination population parameters are slightly decreasing.
This is due to moderate multicollinearity between the origin and destination
population variables with the push and pull trend surfaces, respectively.

4.3 The impact of regional accessibility on the base model

The accessibility of a region is used in interaction modeling to reflect its
centrality and to measure its weighted proximity to all remaining regions in a
spatial system. The larger the accessibility of a region is, the more centrally it
is located in the spatial system. Also, the potential number of opportunities
or alternatives in its direct vicinity increases. The expanse of the vicinity can
be modeled by the c-parameter in Eq. (2). The smaller c gets, the larger the
spatial cluster of potential regional substitutes gets. Assuming a negative
coefficient is linked either to the origin or to the destination accessibilities,
then the larger the region’s accessibility gets, the smaller the direct interaction
between origin i and destination j will become. This means that a migrant
will most likely substitute the potential destination j by either a destination in
the vicinity of the origin i or the destination j.
The associated coefficients of the accessibility measures are negative in all

examples used here. Taking the logarithm of the accessibility measures
improves the model fit substantially. The z-values of population parameters
kp

O and kp
D decreased slightly for larger cluster sizes (c ¼ 0:25) due to

multicollinearity. The estimated origin accessibility parameter and k̂kp
O are

correlated to some degree (r ¼ 0:48) and the estimated destination accessi-
bility parameter and k̂kp

D are moderately correlated (r ¼ 0:45). For more
focused cluster sizes with c ¼ 1:00, the multicollinearity vanishes and the
model fit improves. It would be worthwhile to investigate in future studies
the behavior of interaction models over an extended range of c-values.
Incorporating the origin and destination accessibilities does not improve the
interpretation of the origin and destination specific distance decay para-
meters, as will be discussed in the next section.

5 Global and local distance decay parameters

This section pursues the objective to identify the underlying global and local
distance decay relationships. The global distance decay function is specified
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in terms of a Box-Cox transformation, which covers (or approximates) a
whole array of distance decay functions that are proposed in the literature
(see Johnston 1976). Searching a series of Box-Cox transformations of the
interstate distances leads to an optimal model that maximizes the likelihood
function. The statistical rationale for this specification search is that only a
correctly specified global distance decay function has the potential to lead to
unbiased estimates of the local region specific distance decay parameters.
This is because the distributional shape of the region specific conditionals
distance distributions vary from reference region to reference region.

5.1 The Box-Cox transformation and the global distance decay function

Depending on a state’s centrality, the distances from this reference state to all
the remaining states in the spatial system must vary. Not only will the
median distance of this conditional distribution depend on the centrality of
this state, but also on its shape. The distribution for central states will be
positively skewed with several nearby states and a few states farther away
whereas, the distribution of peripheral states is negatively skewed with only a
few near distance states and several far distance states. Figures 3 and 4
display these conditional distributions for the states sorted according to their
median distances. In Fig. 4 the distances are Box-Cox transformed (Box and
Cox, 1964), that is,

bcqðdijÞ ¼
dq

ij � 1

q
; ð8Þ

with parameter q ¼ �0:2.

Conditional State Specific Distance Distributions

OR

WA

CA

NV

ID

AZ

MT

UT

ME

WY

ND

NM

NH

MA

RI

FL

TX

VT

SD

CT

CO

LA

MN

NY

NJ

OK

MS

NE

IA

KS

DE

AR

GA

PA

MD

SC

MO

WI

DC

AL

VA

NC

TN

IL

MI

KY

WV

IN

OH

B
ox

-C
ox

 (Q
=1

.0
) D

is
ta

nc
e 

fro
m

 P
op

ul
at

io
n 

C
en

tro
id

 (k
m

)

4500

4000

3500

3000

2500

2000

1500

1000

500

0

Fig. 3. Untransformed (q ¼ 1) state specific conditional distance distributions sorted according

to the median distances

36 M. Tiefelsdorf



Depending on the parameter q and the underlying distribution of a
variable, which is required to be ratio-scaled with a natural origin, the Box-
Cox transformation is changing the distributional characteristics of that
variable. The Box-Cox transformation in particular modifies the skewness of
a distribution. A power greater than one (q > 1) increases the weight of the
upper tail of a distribution and thus reduces negative skewness, whereas, a
power less than one (q < 1) pulls the upper tail in and thus diminishes
positive skewness. A power value of q ¼ 0 is equivalent to the natural
logarithm, that is, bc0ðdijÞ ¼ lnðdijÞ. Negative powers q < 0 compress the
upper tail even further. This means that large distances indiscriminately are
compressed around one relatively large value and small distances are spread
out in the conditional distance distribution. The order of the observations is
preserved after the transformation due to the q-value in the denominator.
Textbook discussions of the Box-Cox transformation can be found in Fox
(1997, Chapter 4) or Hamilton (1992, Chapter 1).
The identification of q ¼ �0:2 was done by grid search of the likelihood

function. At this value the likelihood ratio is minimized for the basic
interaction model with origin and destination populations and the Box-Cox
transformed distances (see Fig. 5). Note that the Box-Cox transformation
with q ¼ �0:2 leads to extreme negative skewness in the conditional
distributions (see Fig. 4). This can be interpreted as a strong sensitivity of
migrants with respect to small differences in short distances moves, whereas
migrants do not discriminate much between long distance moves irrespective
of the length of the move. The optimal transformation of the distances is
substantially more extreme than the often-used negative exponential form,

lnðlijÞ ¼ kþ kp
O � lnðpiÞ þ kp

D � lnðpjÞ þ kd � dij; ð9Þ
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that is, q ¼ 1, and even somewhat more extreme than the Pareto (also termed
power) form,

lnðlijÞ ¼ kþ kp
O � lnðpiÞ þ kp

D � lnðpjÞ þ kd � lnðdijÞ; ð10Þ
that is, q ¼ 0 (see Johnston 1976, p. 18). It is surprising to find a negative q-
value, which has, to the best of the author’s knowledge not been applied
directly or indirectly in the interaction modeling literature, yet it makes sense
behaviorally that migrants perceive large distances as being similar. It is
noteworthy that the optimal q-value that maximizes the likelihood function
becomes positive if the original populations counts pi and pj are used instead
of their logarithmic form. Consequently, the q-value of the Box-Cox
transformation depends on the general model specification.

5.2 Pattern in the local distance decay parameters
and inherent multicollinearity

Most of the spatial structure discussion in interaction modeling so far focuses
solely on origin specific distance decay parameters. Nevertheless, the
destination specific distances decay parameters are just as meaningful. For
the deviation-coding scheme, a positive origin specific distance decay
parameter informs us that migrants from a particular origin have the
tendency to move further distances than the average migration distance in
the spatial system. A negative origin specific distance decay parameters
advise us that moves from that particular origin are more locally bound. On
the other hand, a positive destination specific distance decay parameter
indicates that a particular destination is receiving inflows from further
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distances and a negative parameter denotes a destination, which on average
receives inflows from origins that are shorter distances away. Figure 6 maps
the origin specific distance decay parameters kd

Oi
for the model

lnðlijÞ ¼ kþ kp
O � lnðpiÞ þ kp

D � lnðpjÞ þ kd � d�ij þ kd
Oi
� d�jji þ kd

Dj
� d�ijj ð11Þ

where d�ij denotes the Box-Cox transformed interstate distances, here with the
parameter q ¼ �0:2, and d�jji as well as d�ijj are the origin and destination
specific conditional distance distributions, respectively. As expected, both the
origin specific and the destination specific distance decay parameters are
highly correlated (r ¼ 0:974). It is sufficient for this reason to concentrate the
following discussion on origin specific distance decay parameters.
While it is tempting to place a substantive meaning to the map pattern in

Fig. 6 with respect to behavioral and perceptional differences of the migrants
from each region, one first should investigate whether this map pattern is not
an artifact. Figure 7 graphs the correlations between the set of the estimated

distance decay parameters k̂kd
O1
; . . . ; k̂kd

O49

n o
and the estimated origin popula-

tion parameter k̂kp
O against the logarithmic population count of each origin.

Obviously, for regions with small population counts, the parameters are
highly positively correlated, and for regions with large population counts the
parameters are strongly negatively correlated. An identical relationship can
be observed for the destination specific distance decay parameters

k̂kd
D1
; . . . ; k̂kd

D49

n o
and the destination population parameter k̂kp

D. Interestingly,

the origin specific distance decay parameters (destination specific distance
decay parameters) are virtually uncorrelated with the destination population
parameter (origin population parameter). Table 1 reveals these effects of

Fig. 6. Origin specific distance decay parameters of model (11) in the centered coding scheme for

the empirical spatial interaction model
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multicollinearity. The parameters k̂kp
O and k̂kp

D change to a counterintuitive
negative sign and their absolute z-values drop substantially. Adding the
origin and destination accessibility measures lnða1:00

i Þ and lnða1:00
j Þ to the

model cannot remedy this problem of multicollinearity; just the model fit
improves. This author is more than reluctant to substantively interpret the
regional pattern of the origin specific distance decay parameters under such
convoluting influences of multicollinearity.
Nevertheless, the observed pattern must be described briefly as the next

section will demonstrate that we can generate a comparable map pattern in
the region specific distance decay parameters by simply mis-specifying the
global distance decay function. We observe that most states with a small
population base exhibit negative region specific distance decay parameters.
This is particularly evident for the New England states, Rhode Island,
Delaware, West Virginia and most of the states west of the Mississippi River
except for Colorado, Texas, Arizona and the Pacific Coast states. Further-
more, the correlation between the origin accessibility (destination accessibil-
ity) and the origin specific distance decay parameters k̂kd

Oi
(destination specific

distance decay parameters) is negative but not significant. Consequently,
there is no discernable map pattern in model (11) with respect to the state’s
accessibility status.

6 Locational induced spatial heterogeneity

This section will demonstrate that a mis-specified global distance decay
function in combination with heterogeneous region specific conditional
distance distributions provides a sufficient condition to observe varying
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origin and destination specific distance decay parameters with respect to the
location of the regions. Consequently, one can claim that it is a pure spatial
structure effect which does not incorporate additional regional attribute
information. The observed spatial structure effect holds for either uncon-
strained or constrained spatial interaction models. Depending on the chosen
mis-specification of the global distance decay function, it is shown that a
central region appears to either interact more with regions closer by or more
with regions further away. Vice versa, the same effects can be demonstrated
for peripheral regions. The first subsection develops the argument more fully
and illustrates it under very controlled conditions. These findings allow us to
make predictions for how the distance decay parameter may vary under
relaxed conditions. The second subsection will investigate the heterogeneity
of the region specific distance decay parameters for a mis-specification of the
global distance decay function under a deterministic setting. This setting was
derived from the underlying population and distance distributions of the
U.S. migration dataset. It demonstrates that one must carefully monitor the
multicollinearity among the estimated parameters.

6.1 A sufficient condition for the spatial heterogeneity
in the local distance decay parameters

To illustrate this sufficient condition for systematically spatially varying
distance decay parameters, let us assume that we have a spatial system with
seven regions. For simplicity of the argument, these seven regions are queued
up equidistant in a linear fashion (see inlets of Fig. 8) and each region has a
constant population count of 10, that is, pi ¼ pj ¼ 10. The region in the
center of the spatial system has a conditional distance distribution of
dcentral

ij 2 1; 1; 2; 2; 3; 3f g whereas a region at the edge of the spatial system has
a distance distribution of dperipheral

ij 2 1; 2; 3; 4; 5; 6f g. Clearly both condi-
tional distance distributions differ in their distributional characteristics.

(a) (b)

Fig. 8. Distance decay relationships for a central and a peripheral region under a mis-specified

global distance decay function. The Box-Cox parameter of the reference model is q ¼ 1
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Furthermore, lets assume ceteris paribus that the common underlying process
that generates the interaction flows among the regions is lij ¼ expðlnð10Þþ
lnð10Þ þ kd � dijÞ with kd ¼ �1. The selected global distance decay function
has an exponential form f ðdijÞ ¼ kd � dij, which is equivalent to a Box-Cox
transformation with q ¼ 1. The scatterplots in Figs. 8a and 8b display the
linearized relationships of the logarithmic theoretical flows lnðlijÞ with
specific Box-Cox transformed distances dij for the central and a peripheral
region. The two region specific linear distance decay relations for the central
and the peripheral regions are fitted by ordinary least squares. These Box-
Cox transformations of the distances lead to mis-specified models. Figure 8a
shows a model specification with f ðdijÞ ¼ kd � d2

ij, that is, q ¼ 2. The central
region is characterized by a steeper distance decay relationship than the
peripheral region. In contrast, Fig. 8b assumes a global distance decay
function f ðdijÞ ¼ kd � lnðdijÞ, that is, q ¼ 0. Here the region specific distance
decay relationships are reversed: the central region is involved in interactions
of farther distances, whereas the peripheral regions participate in shorter
distance interactions. After these Box-Cox transformations, the skewness of
region specific conditional distributions vary systematically. In both plots
and for both regions the relationship between the transformed distances and
expected flows becomes non-linear. This mis-specification of the global
distance decay function also leads to a systematic variation in the region
specific residuals, which are for each region within specific distance bands
either all positive or all negative. As expected, but not shown here, for a
properly specified model with f ðdijÞ ¼ kd � dij, that is, q ¼ 1, the region
specific distance decay relationships are identical and in unison denote the
global distance decay relationship.
The slopes of the region specific distance decay parameters usually assume

a behavioral interpretation. In the Fig. 8a, the slope for the central region is
steeper than that for the peripheral region, which is interpreted as reluctance
of migrants originating from a central region to move farther distances. An
initial explanation is that this is partially due to the shorter range of
distances. In contrast, people living in peripheral regions appear to be less
discouraged by long haul moves in order to take full advantage of all
opportunities in the spatial system. This behavioral interpretation of the
origin specific distance decay relationships is, as Fotheringham (1991, p. 61)
terms it, ‘‘plausible’’. However, several empirical interaction studies (see
Fotheringham 1991, p. 60, for a review) led to counterintuitive findings:
‘‘central origins having less negative distance decay parameter estimates and
peripheral origins having more negative estimates’’ (Fotheringham 1991, p.
60). What has been demonstrated in this section, however, is that these
systematic patterns in the region specific distance decay parameters may be
exclusively due to a general mis-specification of the global distance decay
function and not to behavioral or perceptional differences. The aim must be
to determine either a proper global distance decay function, which does not
induce spatial structure effects in the region specific distance decay
parameters. Only once the spatial structure effects are under control, may
the region specific distance decay parameters assume a behavioral interpre-
tation.
An objection that might be brought against the previously used graphical

illustration is that the relationship between the interaction flows and the
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distance is inherently non-linear and should not be addressed by linear
regression, but instead by the Poisson regression model. Table 2 displays
systematically the region specific distance decay parameters around the
global distance decay parameter for the reference model (11) with q ¼ 1, and
the two mis-specified models with q ¼ 2 as well as q ¼ 0. The region specific
distance decay parameters were estimated via maximum likelihood by
Poisson regression3 in the deviation-coding scheme (6). Obviously, these
region specific distance decay parameters satisfy the zero sum constraint. The
same systematic spatial pattern as in Figs. 8a and 8b is repeated. For q ¼ 2,
the more peripheral regions exhibit a larger distance decay parameter.
Whereas, for q ¼ 0, the more peripheral regions display a negative distance
decay parameters. Both mis-specified distance functions lead to models with
a larger likelihood ratio than the correctly specified model with q ¼ 1. Its
likelihood ratio is zero because it fits the theoretical flows perfectly: the
global distance decay relationship equals its expected value of �1:0, but the
local distance decay effects are zero. Observing a minimum likelihood ratio
value for the properly specified model provides the rationale for the selection
of the q-value in empirical applications.

6.2 Distance decay mis-specification in a deterministic interaction model

These observations can be generalized: if the postulated q-value is larger than
the underlying reference q-value then migration from and to peripheral
regions tends to be less deterred by larger distances. Conversely, an assumed
q-value smaller than the reference q-value decreases the interaction range of
peripheral regions. This systematic pattern in the spatial structure effects also
holds for irregular planar arrangements of regions as long as other regional
factors are held constant. However, if varying regional attribute information

3 The SPSS code to estimate these parameters either under a deterministic setting or under

randomization can be found at http://geog-www.sbs.ohio-state.edu/faculty/tiefelsdorf/Geo-

Stat.htm.

Table 2. Region specific distance decay parameters in dependence on the functional mis-

specification of the global distance decay function

Global and Mis-specified model Reference model Mis-specified model

local distances q ¼ 2 q ¼ 1 q ¼ 0

k̂kd (global) )0.481 )1.000 )1.856

k̂kd
O1

(Periphery) 0.103 0.000 )0.315

k̂kd
O2

0.044 0.000 )0.168

k̂kd
O3

)0.077 0.000 0.261

k̂kd
O4

(Center) )0.140 0.000 0.445

k̂kd
O5

)0.077 0.000 0.261

k̂kd
O6

0.044 0.000 )0.168

k̂kd
O7

(Periphery) 0.103 0.000 )0.315
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is added to the model, the overall picture becomes more complex. Let us
assume that a spatial process generated the observed flows between the 48
states including the District of Columbia that has the underlying form

lij ¼ exp �12:79þ 0:847 � lnðpiÞ þ 0:868 � lnðpjÞ � 0:617 � lnðdijÞ
� �

: ð12Þ
The population counts pi and pj as well as the interstate distances dij are
taken from the empirical dataset. The observed 1985 to 1990 U.S. interstate
migration flows were used to estimate the parameters k̂k ¼ �12:79,
k̂kp

O ¼ 0:847, k̂kp
D ¼ 0:868, and k̂kd ¼ �0:617 in Eq. (12). For simplicity, it was

assumed that the global distance decay relationship follows a Pareto form
with lnðdijÞ and q ¼ 0. The subsequent discussion is based on the determin-
istic flows lij, which were generated by Eq. (12). Under a mis-specified global
distance decay function, the origin or destination specific distance decay
parameters were estimated by model (11).
One would expect for these deterministic flows of model (12) that the

pattern in the region specific distance decay parameters under a mis-specified
global distance decay function would follow the same theoretical pattern as
outlined in Sect. 6.1. A Box-Cox parameter greater than the reference level
would increase long distance moves for peripheral states and decrease long
distance moves for central states. Whereas a mis-specified model with a
q-value less than the reference level increases long-distance hauls for central
states and decreases them for peripheral states. In fact, as Fig. 9 demon-
strates for a Box-Cox parameter q ¼ 0:6, which is greater than the reference
level q ¼ 0:0, that the observed pattern in the region specific distance decay
parameters follows the theoretically proposed pattern. In contrast, however,

Fig. 9. Theoretical origin specific distance decay parameters of model (11) of the mis-specified

interaction model with Box-Cox parameter q ¼ 0.6 (The Box-Cox parameter of the reference

model is q ¼ 0.0)
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for a q-value less than zero, the observed pattern in Fig. 10 does not match
our theoretical expectations. It displays instead a pattern that corresponds
with the empirical origin specific distance decay parameters pattern in Fig. 6
with the exception that their signs are systematically reversed. The
population counts of the states still determine the directions and magnitudes
of the local distance decay parameters. An explanation for these contradict-
ing results is found by a closer inspection of the parameter multicollinearities.
As in the empirical example (Figs. 6 and 7), the local distance decay
parameters in Fig. 10 result from the high degree of inter-correlation

between the set of estimated distance decay parameters k̂kd
O1
; . . . ; k̂kd

O49

n o
and

the population parameter k̂kp
O as the scatterplot in Fig. 12 demonstrates. On

the other hand, because the inter-correlation between the set of estimated

distance decay parameters k̂kd
O1
; . . . ; k̂kd

O49

n o
and the population parameter k̂kp

O

is on a moderate level (see scatterplot in Fig. 11) for q ¼ 0:6, the map pattern
of local distance decay parameters in Fig. 9 is less influenced by the
underlying population size of the states. Consequently, it follows the theo-
retically proposed map pattern. A still open question is why the theoretical
local distance decay parameters at q ¼ �0:6 and the empirical parameters in
Fig. 6 change signs.
The correctly specified model with q ¼ 0:0, which is estimated by Eq. (11),

leads (aside from rounding errors) to zero local distance decay parameters.
The likelihood ratio for this model is zero because it fits the interaction flows
flawlessly and the estimated global parameters equal the expected ones in Eq.
(12). It is interesting to note, however, that the estimated local distance decay

Fig. 10. Theoretical origin specific distance decay parameters of model (11) of the mis-specified

interaction model with Box-Cox parameter q ¼ )0.6 (The Box-Cox parameter of the reference

model is q ¼ 0.0)
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parameters, which are irrelevant under these circumstances, are again
moderately correlated with the parameters of the population variables. This
becomes, for instance, obvious by comparing the z-values of the estimated
population parameters of the overparametrized model (11) with the
parsimony model (12). For the overparametrized model (11) the z-value is
zðk̂kp

OÞ ¼ 395 whereas for the parsimony model (12) it is zðk̂kp
OÞ ¼ 3353. The

same decrease in the z-values can be observed for the destination population
parameter.

7 Conclusions

To summarize: depending on the mis-specification of the global distance
decay function, one can expect a systematic pattern in the set of local
distance decay parameters with respect to the relative centrality of the
regions in the study area. This systematic pattern, however, may become
substantially distorted by multicollinearity among the set of local distance
decay parameters and either the origin characteristics or the destination
attributes. If severe multicollinearity is present in the model, then the spatial
structure effects cannot be disentangled from the regional attribute
information. This hidden inter-correlation between the spatial structure
component and regional attribute components may have directed other
authors to search for alternative approaches that amalgamate spatial and
attribute information instead of separating both analytically. This paper
follows up on some open issues of the distance decay debate in spatial
interaction modeling that are outlined in Sheppard’s research agenda (1984).

Theoretical Parameter Correlations (Q=0.6)
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These issues are a particular form of model mis-specification, here the global
distance decay function, and hidden and inherent multicollinearity among
the estimated parameters. While the literature proposes several more
complex models – such as competing destinations, spatial autocorrelation
in characteristics of the regions, or intervening opportunities governing the
migration flows – to deal with this mis-specification, the proposed approach
in this paper is particularly simple and clearly separates ‘‘exclusive’’ spatial
effects from effects associated with attribute information. Only after the
global distance decay function has been specified correctly, is it worthwhile
to test and adjust for other potential reasons of the distance decay
heterogeneity. The proper specification of the global distance decay function,
however, is still an open issue.
In the empirical example, the Box-Cox parameter q ¼ �0:2 did not remove

the heterogeneity in the region specific distance decay parameters, which may
indicate that either the Box-Cox parameter q ¼ �0:2 was not chosen
appropriately or that there are additional mechanisms and mis-specifications
at work that induce distance decay heterogeneity among the regions. While
applying the Box-Cox transformation on the distances and maximizing the
likelihood function is a sensible approach, the Box-Cox transformation
family cannot subsume specific forms of global distance decay functions. For
instance, as has been seen in Fig. 1, the global distance decay relationship is
not, as assumed for the Box-Cox transformation, a smooth function; it
rather exhibits inversions. Obviously, any mis-specification in the global
distance decay relationship will manifest itself in particular region specific
patterns of the Poisson regression residuals. So far, interaction modelers
have not paid much attention to spatial residuals analysis. This clearly must
change and GIS gives use the methodological tools to do so efficiently.

Theoretical Parameter Correlations (Q=-0.6)
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Multicollinearity in the estimated parameters makes it extremely difficult
to interpret these parameters properly. Furthermore, there is no direct
remedy to eliminate the effects of multicollinarity in this particular situation.
Neither dropping redundant variables nor substituting the set of region
specific distance distributions by orthogonal principal components is a
feasible option here. Augmenting the model by relevant variables such as an
accessibility measure cannot control this multicollinearity either. How then
can the region specific distance decay parameters be behaviorally interpreted
under the presence of multicollinearity? Perhaps the region specific differ-
ences or ratios between the origin and destination distance decay parameters
will help. The multicollinearity impacts simultaneously and comparably on
both sets of parameters, thus their difference or ratio should be free of these
multicollinearity effects. How far a fully symmetric interaction model may be
required, however, must be further explored. We also have seen that
multicollinearity depends, to a large degree, on the underlying Box-Cox
value where larger q-parameters seem to generate for the used interstate
migration dataset a lower degree of multicollinearity.
Basic statistical techniques and commonly available statistical software

and GIS procedures were used in this investigation, which makes this subject
also palpable for a larger audience in the geographical and regional sciences.
The use of standard software as well as a standardized research protocol also
allows us to revisit efficiently formerly used interaction datasets that exhibit
some degree of distance decay heterogeneity. Besides the proposed approach
in this paper, alternative approaches from the literature will shed new light
on the underlying mechanisms of spatial structure effects that generate
heterogeneity in the local distance decay parameters. The main goal should
be to analytically separate exclusive spatial structure effects from percep-
tional and behavioral explanations. In general, however, as demonstrated
here interaction modeling and accessibility studies must take extra care in
specifying the global distance decay relationship to avoid introducing a
spatial structure bias.
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